IITEIIITIOIAL HIUIIIL OF

SOLIDS a
STHIIGTIIIIES

www.elsevier.com/locate/ijsolstr

International Journal of Solids and Structures 41 (2004) 1453-1471

Constitutive modeling of discontinuities by means of
discrete and continuum approximations and damage models

L.E. Fernandez **, G. Ayala !

& Faculty of Engineering, Autonomous University of Yucatan, Estructuras y Materiales, Unidad de Posgrado e Investigacion,
Av. Industrias No Contaminantes sin, 97200 Merida, Yucatan, Mexico
® Institute of Engineering, National Autonomous University of Mexico Cd., Universitaria 04510 D.F., Mexico

Received 28 April 2003; received in revised form 4 October 2003

Abstract

In this paper the mathematical modeling of discontinuities using the discrete approximation and the continuum
approximation with weak discontinuities is presented. First, the kinematics of discontinuities is discussed, then two
constitutive models based on the continuum damage mechanics theory are developed. The first model is an isotropic
damage model and is used in the discrete approximation. The second model is an anisotropic damage model and is used
in the continuum approximation. These models are characterized for weighing the mode of failure in the failure cri-
terion. An energy analysis is proposed to establish the equations that relate the parameters of both constitutive models;
the fulfillment of the involved equations guarantee that both models are energetically equivalent. It is concluded that
the proposed models are suitable to reproduce the constitutive behavior of discontinuities.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The failure process in materials and structures can be associated to the formation of single cracks, cracks
bands and shear bands. Many models can be found in the literature; for example, in the eighties the effort
was on the development of the discrete crack model (Wawrzynek and Ingraffea, 1991) and the smeared
crack model (Isenberg, 1993). In the nineties, it was developed a type of finite element model capable of
modeling localized damage without remeshing, resulted in the embedded discontinuities approximations
(for example: Belytschko et al., 1988; Dvorkin and Assanelli, 1991; Simo et al., 1993; Lotfi and Shing, 1995;
Oliver, 1996; Armero and Garikipati, 1996; Sluys and Berends, 1998; Tano et al., 1998; de Borst et al.,
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2001); some of these models does not work out satisfactorily (Jirasek, 2000), showing the need for im-
provements in some specific topics (Fernandez, 2002).

Two types of approximation for embedded discontinuities can be identified: discrete and continuum. In
the discrete approximation of discontinuities it is considered that the body stops being continuous when
the discontinuity (crack) is formed; the constitutive behavior of the discontinuity is modeled by “dis-
placement jump-traction” relationships (e.g. Dvorkin and Assanelli, 1991; Lotfi and Shing, 1995). In the
continuum approximation of discontinuities it is considered that the body remains continuous after the
discontinuity (strain localization zone) is formed; the constitutive behavior of the strain localization zone is
modeled by a standard continuum type of constitutive equations (“‘strain—stress” relationships). The
continuum approximation of discontinuities is divided in two groups: weak discontinuities (e.g. Belytschko
et al., 1988; Sluys and Berends, 1998) and strong discontinuities (e.g. Simo et al., 1993; Oliver, 1996). If the
strain localization band width k is very small (k — 0), a strong discontinuity is considered. If the strain
localization band width is finite (k> 0), a weak discontinuity is considered. Must of the works in the
technical literature belong to the discrete approximation and the continuum approximation with strong
discontinuities.

The discrete and the continuum approximations actually represent real physical phenomena. The for-
mation and propagation of single cracks (discrete approximation) and shear and crack bands (continuum
approximation) have been identified and studied in many materials, such as concrete, steel, soils and rocks.
In the case of steel, it has been observed the formation of both types of discontinuities, singles cracks and
shear bands. In the case of concrete, the failure process initiates with the formation of microcracks uni-
formly distributed in bands (strain localization zones), which have an approximate width of three times the
maximum aggregate size (Bazant and Oh, 1983).

This paper studies the mathematical modeling of discontinuities. This work is part of an ongoing project
on the numerical modeling of discontinuities by the finite element method. The project is composed of five
parts: (1) definition of kinematics of discontinuities, (2) variational formulation, (3) constitutive models for
discontinuities, (4) implementation in the finite element method and (5) numerical simulation of discon-
tinuities. This paper focuses on the definition of kinematics and the constitutive modeling of discontinu-
ities.

In this paper two different approximations are covered: discrete approximation and continuum ap-
proximation with weak discontinuities. First, the kinematics of discontinuities is presented, which defines
the displacement field and the strain tensor. Then, to define the constitutive behavior of discontinuities by
discrete approximation an isotropic damage model is proposed. For weak discontinuities, due to the
limitations of the isotropic damage model for this type of approximation, an anisotropic damage model is
developed. Finally, an energy analysis is presented to establish a relationship between both models. It is
concluded that the proposed models are suitable to reproduce the constitutive behavior of discontinuities
and that they are energetically equivalent if the equations relating the internal variables are fulfilled.

2. Kinematics of a medium with discontinuities

The kinematics of bodies with discontinuities can be established using two different approximations:
strong discontinuities or weak discontinuities. In the first, a discontinuous displacement field is defined and
it belongs to it the discrete approximation and the continuum approximation with strong discontinuities. In
the second, the displacement field is continuous, but the strains are discontinuous at the localization zone
boundaries; the continuum approximation with weak discontinuities belongs to this approximation.

In the following two subsections, a description of the kinematics of bodies with discontinuities is pre-
sented, defining the displacement field and the strain tensor associated to the strong and weak discontinuity
approximations.
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2.1. Strong discontinuities

Consider a solid and homogenous body (Fig. 1) whose material points are labeled by the global coor-
dinate system x (x, y). The body has a domain Q and a boundary I' (I' = Q). This body has a discontinuity
(crack) at S, which is contained in the subdomain €,; the vector n, normal to the discontinuity, defines a
local coordinate system f (n,¢). The domain is divided into three subdomains: Q = Q™ U Q, U Q"; the
subdomain Q7 is that located in the direction of n. The lines S, and S;” bound the subdomain @, such that:
S, =0Q, NdQ and S, = 0Q, NdQ", and are separated by a distance .

The displacement field u(x, ?) and the velocity u(x, ?) are defined as

al, 1) = 80, ) + Hs() ). ) m
a0, ) = 0y s Tl 2)

where @ and u are the “continuous” displacements and the “continuous” displacement rates; [[u]] and [[ii]]
are the displacement jump and the displacement jump rate; Hy is a jump function, such that: Hg(x) =0
Vx € Q, UQ and Hs(x) =1 Vx € Q UQ"; 7 is the time and the dot above the variable means the time
derivative (e.g. u = O;u).

The strains are defined as the symmetric gradient (V*) of the displacement field. In the discrete ap-
proximation the strains are not defined at S, so the strain tensor € is only defined in Q\ S as

e(x,i) = Vu=Vi+HV[u] =¢ x€Q\S (3)

where € is the “continuous’ strain tensor, which is the strain occurring in the continuous part of the body.
The corresponding strain rate tensor is defined as: é(x,?) = V*u = V*u + HgV*[[u]] = €. The main char-
acteristic of the discrete approximation is reminded by Eq. (3): the body behavior is established by means of
strain—stress relationships outside the discontinuity (Q\ S) and by displacement jump-traction relation-
ships at the discontinuity (S).

2.2. Weak discontinuities

Consider a solid and homogenous body (Fig. 2) whose material points are labeled by the global coor-
dinate system X (x, y). The body has a domain Q and a boundary I' (I" = Q). This body has a discontinuity
(strain localization zone) at S, which is contained in the subdomain Q; the vector n, normal to the dis-
continuity, defines a local coordinate system n (n,#). The domain is divided into three subdomains:
Q=0Q UQ,UQ"; the subdomain Q7 is that located in the direction of n. The lines S, and S, bound the

y
x Sios Sy

Fig. 1. Body with a strong discontinuity.
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Fig. 2. Body with a weak discontinuity.

subdomain €, and are separated by a distance /. The lines S"(n =n~) and ST (n = »n") bound the sub-
domain €, which corresponds to the strain localization zone, and are separated by a distance & (loca-
lization zone width: £k = n* — n™); the subdomains @, and , have the following relationships (Fig. 2):
Q. C Q,and k < h.

The displacement field u(x, ?) and the velocity u(x, 7) are defined as

u(x,7) = a(x,7) + Hy () [u]](x, ) @)
i, 1) = 20 iy ) ), (5)

where u and u are the “continuous” displacements and the “continuous” displacement rates; [[u]] and [[u]]
are the displacement jump and the displacement jump rate; H; is a ramp function defined as

n—n-

H,(h)=0 Vn<n, H(h)= Vne<n<n", Hym)=1 VYn>n"

nt —n-
As before, the strains are the symmetric gradient (V*) of the displacement field. In the continuum ap-
proximation the strains are defined in the whole domain 2 and can be calculated as

elx.) = Vu = Vu+ B ul] 44 (] © ) (6)
— O
[e]]

€

where g, is a function defined as: y, =1 Vx € ©; and y, =0 Vx € Q\ Q; € is the “continuous’ strain
tensor, which is the strain occurring in the continuous part of the body; [[€]] is the strain jump which
takes place at the borders of the localization zone (S* and S~) and is obtained by considering that:
VH, = 0,H; = aﬁHkg—}: = "—kkn. The corresponding strain rate tensor is defined as: &(x,7) = V*u = Viu +
Hu] + gy (18] © ) = &+ [[e]):

Remark 1. Outside the localization zone the ‘“‘continuous’ strains of both approximations are equal:
el = e x € Q\ @, but inside they are not: €! # € x € Q; however, if the softening band zone width is
very small (k — 0), then € ~ €™ x € Q; because Hs ~ H,. The superscript “d” refers to the discrete dis-
continuity approximation and “wd” refers to the weak discontinuity approximation.

It is important to point out the characteristics of the strain jump that emerge from its definition (6). For
this purpose, let express the strain jump in the local three dimensional coordinate system
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el el (el ] o [ [l 3l], 31l
(el = | (elln [l (el | =7 {5l O 0 ()
el [elly  [lells S, 0 0

From (7) may be observed that the kinematics of bodies with weak discontinuities establishes the following
conditions for the strain jump terms:

(1) [[€]l, [[€]], and [[¢€]],, must be zero: [[¢]], = [[e]],, = [[€]],, = 0; this is called by Oliver (1996) “Strong Dis-
continuity Condition”. In this paper this will be referred as kinematics condition of discontinuities.
(2) [[ell,,» [l€]],, and [[¢]] , can be different from zero. The component [[u]], of the displacement jump, which
corresponds to a Mode I in fracture mechanics, only contributes to [[¢]],,. The component [[u]], of the
displacement jump, which corresponds to a Mode II in fracture mechanics, only contributes to [[¢]] ,
and [[¢]],,- The component [[u]], of the displacement jump, which corresponds to a Mode III in fracture
mechanics, only contributes to [[e]],, and [[¢]],,
Both conditions are important, however here only will be dealt with the first because the need of its
fulfillment is the motivation to propose in this work an anisotropic damage model for the continuum
approximation. The second condition is also very important and will be used to identify some problems
with the finite element approximation; this will be presented in a forthcoming paper.

3. Constitutive model

In this paper, the constitutive behavior of the discontinuity is modeled by using a family of damage
constitutive models and considering that the material behavior is rate-independent and local and follows
the infinitesimal strain theory. Continuum damage mechanics is based on the thermodynamics of irre-
versible processes and the theory of the internal state variable (Simo and Ju, 1987; Mazars and Pijaudier-
Cabot, 1989). Basically, there are two types of damage models: (1) isotropic damage, which uses a scalar
damage variable and (2) anisotropic damage, which can use a damage tensor. In this paper, an isotropic
damage model is developed to model discontinuities by the discrete approximation and an anisotropic
damage model by the continuum approximation.

In this section, the basic concepts of a classic isotropic damage model are summarized as follows:

e Effective stress

a:(l—d)&:alpa(?r):(l—d)C:e (8)

e Free energy function
1
Y(e,r)=1[1—-dr)]¥(e), ¥Pe) = € C:e 9)
e Damage criterion

f(o-7q):T6_q g(€7r):T€_r (10)
e Damage variable
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e Evolution law

P =1 (12)
e Hardening law

q= A (13)
e Kuhn-Tucker conditions and the consistency requirement

220, f(e,9)<0, if(a,q)=0 (14)

Mf(6,q) =0 (15)

In the above equations d is the damage variable (d € [0, 1]) and is associated with an irreversible process,
such that d > 0; the stress tensor ¢ is a function of the strain tensor € and can be calculated by means of the
free energy function (per unit mass) ¥(e,r) (9); ¥ is the elastic free energy; C is the elastic constitutive
tensor, defined as: C = A1 ® 1+ 2al, 4 and i are Lame’s constants, 1 is the second order identity tensor
(1 =0;; 0 is the Kronecker Delta) and I is the fourth order identity tensor (I =1(d4x0; + 6,9;)); the
function f defines the failure criterion in the stress space (f(a,¢) <0); 7, is a norm and ¢ is a stress type
internal variable; the function g establishes the failure criterion in the strain space (g(e,r) <0). 7. is a norm
and r is a strain type internal variable (» = max{ro, max(z.)}; where ry is the initial value of r, such that
r € [ry,00)); E is the modulus of elasticity; A is a parameter called damage multiplier; # is the hardening/
softening modulus.

4. Isotropic damage models
4.1. Discrete approximation

The constitutive model for the discrete approximation uses the displacement jump as independent
variable. This model is rigid-perfect at the beginning of the response when the discontinuity is not formed,
thus some terms in the constitutive tensor are not bounded. It is inconvenient to regard this constitutive
tensor as the initial constitutive tensor and to try to use a damage variable “d”” with a range d € [0, 1];
therefore, it is defined an “initial” constitutive tensor C) associated to an intermediate state between the no
damaged and the completely damaged, which is proposed as

Cl=n®nE+t2tG+s®sG (16)

where n, t, s are unit vectors in the direction of the local axes n, ¢, s. The “initial”’ constitutive tensor is
defined in a convenient way, such that it is easy to establish a relationship between this constitutive model
and the anisotropic damage model for the continuum approximation. The proposed “initial” constitutive
tensor is similar to that obtained by Oliver (2000) for the discrete model as a projection of the strong
discontinuity approximation model: Cg =n-C-n= (%)n ®@n+ Gtet+ Gs®s; if the Poisson’s
ratio is zero (v = 0) both “initial” constitutive tensors are equal.

The constitutive tensor Cs is defined as
Cs = (1-d*)C (17)

where d9 is a damage variable (scalar) for the discrete approximation, to be defined later.
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The free energy (per unit mass) ¥ is defined as
P4 = (1 —d*)s{u]] - C - [[ul] (18)
The traction vector can be calculated from the free energy as
o
~ Of[ul]

The damage function f defines a failure criterion in the traction space and is given by

ferqY) =1 —¢*<0 (20)

= (1 - d*)Cg - [[u]] (19)

where tr is the norm of the tractions and is defined as

T = \/T . W[[uﬂ -T (21)

q“ is a traction type internal variable and Wy is a second order weight tensor.

The traction is associated with the plane that corresponds to the discontinuity. However, the orientation
of the discontinuity is unknown and it cannot be calculated using the damage function f. So it is necessary
to establish a complementary criterion that allows the determination of the orientation of the discontinuity;
e.g. the maximum principal stress or the maximum shear stress.

As above, it is also possible to define another damage function, g, to establish a damage criterion in the
displacement jump space

gt r*) = Ty — 7 <0 (22)
where 1)) is the norm of the displacement jumps and is defined as

Ty =/ [[u]] - Wi - [[u] (23)
d

r¢ is a displacement jump type internal variable and W) is a second order weight tensor defined as

Wee 0 0
W=1|0 W 0 .
0 0 W
with
g, — (1 1 T>0and [, >0
nn — 0 if Tn<0
= (([[u]]n)crit)2
M l)n) us
. = (([[uﬂn)crit)z
T (] e

where ([[u]],) i ([#]],)e and ([[u]], ).y are the critical values of the displacement jump for Modes I, II, and
II1, respectively, and correspond to the displacement jump values when the discontinuity is unable to
transfer tractions. Also, the quantities ,,, W, and W, can be simply considered as values to weigh the mode
of failure in the failure criterion; for example, if it is considered that the failure is dominated just by the
Mode I of fracture, then W,, = 1 and W, = W,, = 0. Fig. 3 illustrates the value of ([[u]],).;, and the loading
and unloading trajectories for the Mode I of fracture.

crit
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T,
Ji

([w]]

n

‘ i {>
(101, iy

Fig. 3. Definition of the softening curve: 7, — [[u]],.

The displacement jump type internal variable 7¢ is defined as

rd max (1,
4~ max { 0> max(cp)) (26)

s€[0,]

where 7J is the initial value of 79, here taking the value 7 = 0, thus the 7! range is 7 € [0, +00).

The damage variable d¢ is related to the internal variables ¢ and ¢ by Eq. (11):d =1 — @ 1. Con-
sidering that the ranges of the internal variables are ¢ € [0, +00) and ¢¢ € [0, £;], where f; is the resistant
strength, the range of the damage variable for this model is: d¢ € (—oco, 1]. It can be observed that damage
variable range is not as the traditional continuum type models (d € [0, 1]).

The damage function g that defines the failure surface is illustrated in Fig. 4. The failure surface initiates
as a point at the origin (|[[u]]| = 0 and 7¢ = 0). Then the surface grows in proportion to ([[u]])., when ¢ is
incremented.

The tangent constitutive operator is obtained from the constitutive relationship (19) by deriving it with
respect to the time

crit

T = (1—d")C5 - [[8]] - a“C5 - [[ul] (27)

@ (b) (11,

([lyl17),

~
LAt Jerit ~ incrementing

[[ul],

A/ (),

[[ull, | [[u]1,

Fig. 4. Damage criterion for the discrete approximation: (a) failure surface and (b) damage evolution.
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The term d¢ is calculated as

(28)

The tangent constitutive operators, which relates the traction rate vector T with the displacement jump rate
vector [[u]], are obtained by substituting (28,) and (28,) in (27):

e For the elastic loading and unloading range (d¢ = 0)

T=(1-a%)C5 - [[u] (29)
e For the nonlinear and neutral loading range (dd > 0)
pd
= [(1 G+ (-~ -ah+ ) (ﬁ) (€3 ) @ ([l] - W) | - [l (30)

Remark 2. Eqs. (29) and (30) are only valid for [[u]], > 0. This is due to the physical sense of the Mode I of
fracture; there are just two options: the crack is opened ([[u]], > 0) or is closed ([[u]], = 0). On the other
hand, the values of [[u]], and [[#]], can be positive or negative depending on the sign of the traction com-
ponents 7; and Ty, respectively.

If the traction component 7, is negative, it will be necessary to modify the value of the constitutive tensor
term (C?),, = (1 —d*)E by an unbounded value: (CJ), = oco. Then the same procedure and equations
established in this section may be used in this model.

nn

Remark 3. If 7, < 0 the constitutive model is no longer isotropic, becoming anisotropic. However, in this
paper this model is referred as isotropic damage model by considering the case 7, > 0.

Summarizing. In this isotropic damage model for discrete approximation of discontinuities, the inde-
pendent variables are the strain € (e =€) at Q\ S and the displacement jump [[u]] at S. The dependent
variables are the stress ¢ at Q2 \ S and the traction T at S. In this model the damage is localized at S and
there is no damage at Q\ S. £, and .# are considered material properties.

4.2. Continuum approximation

This subsection analyzes whether the isotropic damage model is suitable to reproduce the constitutive
behavior of weak discontinuities. For this purpose, consider the constitutive model described in Section 2:
Eqgs. (8)—(15). Fig. 5 illustrates the behavior of the model for the one dimensional case. It may be observed
that the initial response is not perfectly rigid as in the discrete approximation (Fig. 3). To evaluate the
model it should be noticed that the description given in Section 2 was not complete, it is still needed the
definition of the norms; in this paper, the following definitions are used: 7, = /6 : ¢ and 7. = /€ : €.

This analysis starts from the stress—strain relationship, which is established from (6) and (8)

de
(l—i—m)azc |:€+

| =

() & nf] (1)
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C

o

Snn
(1-d)C —

Fig. 5. Stress-strain curve of the material at the localization zone using a weak discontinuity approximation.

This equation is fulfilled if the following two equations are valid:

c6=C:€ (32)

(%)ﬁﬁ U([[uﬂ@n)ﬂ = (%)e—i([[u}]@n)s (33)

Eq. (32) establishes the elastic (undamaged) standard relationship between the “continuous” strains € and
the stresses 4. This equation implies that outside the strain localization zone the material behaves elastic
and there is no damage. Therefore it may be assumed that the nonlinear behavior, related to the damage, is
produced in the localization zone and is associated to the strain jump [[€]] (331). Eq. (33;), which is obtained
by substituting (32) in (33;), establishes the following condition:

€ = €y = € = 0 (34)

This condition, resulting from the kinematics condition, can be considered a limitation for the imple-
mentation of this constitutive model because the “‘continuous’ strain tensor € does not always fulfills it. To
overcome this problem, in this paper an anisotropic damage model that always fulfill this condition is
developed.

5. Anisotropic damage model

The application of isotropic damage models to the continuum approximation of discontinuities has the
drawback of not always fulfilling the kinematics condition when failure occurs. For this reason, in this
section an anisotropic damage model is developed, which should be suitable to model discontinuities. In
this paper, a constitutive model is considered to be suitable when it is capable of fulfilling the following two
conditions:

(1) Null tractions. If the material is completely damaged, i.e. d*¢ = I, then the discontinuity should not
transfer tractions; therefore: o,, = 6,, = 6,, = 0.
(2) Kinematics condition of discontinuities (strong discontinuity conditions): [[e]], = [[¢]],, = [[¢]],, = 0.

Firstly, before developing an anisotropic damage model for weak discontinuities, two anisotropic
damage models quoted in Simo and Ju (1987) were evaluated to determine whether they are suitable to
model discontinuities. These models come from the effective stresses concept (6 =M :6 ande =M : C: €)
and effective strains concept (€ =M : e and 6 = C: M : €); where M is a fourth order tensor that char-
acterizes the damage, C is the elastic constitutive tensor, & is effective stress and € is the effective strain. In
this paper, the following definition of the damage tensor is proposed:
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M=I-d"“"M@nen@n+notonet+tenRtIN+nRsONRs+s@N®s®n) (35)

where d" is the damage variable (scalar) for the continuum approximation with weak discontinuities.
Unfortunately, in general this two models does not fulfill these two conditions simultaneously. The effective
stress model fulfills the null traction condition (d*¢ =1 = 7,, = 6,, = g,, = 0), but does not fulfill the
kinematics condition because in general [[¢]], # 0 and [[¢]],, # 0. The effective strain model fulfills the ki-
nematic condition ([[¢]], = [[e]],, = [[€]],, = 0), but does not fulfill the null traction condition (if ¢, # 0 and/
or €, # 0, it may be obtained that a,, # 0 for d%¢ = 1).

After finding out that these models are not suitable to model discontinuities, a third model that fulfills
both conditions simultaneously is presented. To simplify the presentation of the model, the constitutive
equation is written > term by term in a local coordinate system and using the form e = [Cs]fl 16

| = ;0’ -2 Oy — r g
Enn - (1 _ dwd)E nn E tt E Ss
A% v
€ = — E Omn + E Oy — E Os
_ Vv 1
E.YS - E Uﬂn E O-tf E GSX
1 (36)
| ST (1 — de)(ZG) Opt
» ! o
€ns = 77 goan A~ Ons
(I —dv)(2G)
1
€5 = E Ot

In this model the strain jump [[€]] is associated with the “damaged” part of the strains (¢"%€). To identify
and analyze the “undamaged” and the “damaged” part of the strain term ¢,,, Eq. (36;) is divided in two
parts

€nn = 6:n + Egn (37)
where

B 1 b v v

€ —mann and €m = _EU”_EGSS (38)

From Egs. (37) and (38) may be identified the damaged part of the strain term ¢,,: [[¢]],, (associated to the
Mode I of failure), and the undamaged part: €,,, such that

_ Em = (1 —d")e + ¢
€ = € + HCHnn { He]] (:deGH ) " " (39)
The identification of the “damaged” (associated to the Mode II: [[¢]],, and the Mode III: [[¢]],. of failure)

and the ‘“undamaged” (¢,; and €,,) parts of the strain terms ¢, and ¢, is straightforward

w=aut [l { [l ) (40

2 The black triangles point out which terms are function of the damage variable 4.
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ol {fon L300 (1)

Remark 4. From the absence of the damage variable in equations (36;), (365) and (36¢), it may be dem-
onstrated that the following terms of the strain jump tensor are zero: [[€]], = [[e]],, = [[e]], = 0. Therefore,
the kinematics condition of discontinuities is fulfilled.

1

Remark 5. Given that the terms of the “‘continuous’ strain tensor € are bounded, it may be demonstrated
that this model fulfill the null traction condition as follows:

From (36,) and (39) : &,, = (1 —d"*)(E)e" , if d* =1 then g,, =0

From (364) and (40) : &, = (1 —d")(2G)e,, if d* =1 then o, =0
From (365) and (41) : 0, = (1 —d"")(2G)e,, if d** =1 then a,, =0

Remark 6. If the terms ¢,, and ¢,, were bounded and d%¢ = 1, then €, = €,, = 0 (Egs. (40) and (41)), i.e. the
shear components of the “continuous’ strain tensor related to the strain jump are always zero. But if the
term ¢,, was bounded and d*¢ = 1, then, in general, ,, # 0.

Now that the suitability of the proposed anisotropic damage model for the constitutive modeling of
weak discontinuities has been demonstrated, in what follows the characteristics of this model will be
presented. The free energy (per unit mass) is defined as: Y™ = le: Cs: €, where Cs is the fourth order
constitutive tensor, defined by (36). In Appendix A the constitutive matrix for the plane stress and plane
strain cases are presented. From Appendix A it may be observed that the constitutive matrices in this model
are symmetric. The stress tensor is calculated from (8): 6 = 0.¥"(e,r) = Cs : €. The failure function f,
defined as (10): f(o,q") = 1, — ¢"4, is a function of the norm 7, and the stress type internal variable ¢g"9.
For this model the norm is defined as

(42)

where W, is a fourth order tensor and 6% is a second order tensor, whose terms correspond to the com-
ponents 6,,, 6., G, defined as: 6® =n®@n®n®n: ¢+ H? : ¢, H® is a fourth order tensor to be defined
later in this paper.

The damage function g, defined as (10): g(z.,7"¢) = 7. — "¢ <0, is a function of the norm 7, and the
strain type internal variable »*¢. For this model the norm is defined as

(43)

where €® is a second order tensor with components corresponding to those of the strain tensor associated to
the damage and in consequence to the non null components of the strain jump (see Egs. (39)-(41))
€ Emt Ens 1
e=le 0 0| =—]€] (44)
€ 0 O

Considering the definition of €® (44), the norm 7. (43) can be written as

1

= Za Vel - We - [[e]] (45)

Te
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where W, is a fourth order tensor defined as

We=Wm@n@n@n+ W, @tn@t+ Wt @n@t@n+ W,,n@s@n®s

+ WS QN RS ®nN (46)
with
if 6, =200rel, >0
Wonan if 7,, <0 or e’ <0
((6 0N
VVntnt =i (47)
2((€m )cm)
S (CA

2 (enS)crlt)

The values of (€%,)..;> (€n)eie a0d (€4).,;; correspond to those of the strain terms €, €, and €, when the
tractions are null (¢*¢ = 0) at the localization zone boundaries. These values depend on the localization
zone width, k, and may be related to the displacement jump of the discrete approximation model. The
quantities of W,,.., Wy and W, .can be simply considered as values to weigh the mode of failure in the
failure criterion.

From the definition of €® (44) may be observed that the terms €%, and €% correspond to the terms €, ye,,
of the strain tensor €, while the term €® corresponds to just a part of the stram term e,, (¢ ). Unfortunately,
e cannot be calculated only from the strain tensor; in this paper, two ways of calculating €% are presented

a ! n®n:C

€m =TT Jwd\ T :Cs i€

¢ = +1t®t~C '€+XS®S'C 1€

€m €nn E Ll E L O
If (48)) is used *, then the strain tensor €® can be calculated as

1 ©

6‘9:—(1_dwd)En®n®n®n:Cs:e+H‘*’:e (49)
with

H* =noton@t+t®n@ton+s@n®s®@n+n@s®nes (50)

Remark 7. Calculating €}, and consequently €® has the inconvenient that the value of the damage variable
d™4(r*¥) a priori should be known. However, »*¢ is a function of z. and consequently of €? , therefore, in the
numerical implementation of this model the use of a nonlinear iterative procedure to calculate 7. and later
d™ is needed.

The failure function g is a function of the strain type internal variable »*¢ and is calculated as:
¢ = max{r}¢, max(z.)}, where r3¢ is the initial value of #4; the range of r™@ is r™ € [}, 00). Fig. 6 il-
lustrates the failure surface and its evolution when "¢ increases. In this figure, the axes that define the space
are €, €, and ¢,, and correspond to the strain tensor terms that are related to the damage. If the failure
initiates in pure Mode I, then the failure process starts at point A; if the failure initiates in pure Mode II,

then the process starts at point B and so on.

3 This equation is selected for having the most compact expression.
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Fig. 6. Damage criterion for the continuum approximation: (a) failure surface and (b) damage evolution.

For the case of failure starting in pure Mode I, the internal variables would take the values: [Z
and ¢ € [0, f,], with g}¢ = f,. The damage variable, calculated by means of (11): d%¢ =1 —
range: d*¢ € [0,1].

The tangent constitutive operator is obtained by time deriving the constitutive equation

E?

qwd (rwd>

6=Cs:e+Cs:e=di"Cy:e+Cs:¢
with

/ , . AR I
CS:adCS and d :ardd: (1_dd)_T rm
Considering the Eq. (49), i*¢ can be calculated as

1 ©
}’Wd:fezr—[efmn@)nzwe:n®né3n+e:H®:WE:szé]

€
with

y d/’zwd dli"Wd
€, =————=-n@n:Cs:e+

non:C.:e+
nn (1—de)E E S

7(1_dwd) En®n:CS:é

(T dE
and
d" =d'i™ =d't,
To simplify the previous equations let define the constants 4; and 4;
A =n@n: W, nond, = (1),
/ /

A3:—H®HZC526+m

nen:C,:€
(1 —d")’E s

+00)

1
~a— 3> has a

(51)

(52)

(56)

(57)

Substituting 4, and 43 in (53) and rearranging terms, an expression to calculate /*¢ as a function of the

strain rate € is obtained
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1 1 ® ® -
}"Wd:'tez(r ) {A1<(1_dwd)E)n@)n:CS:éJre:Hé W, :H®: ¢ (58)

From (51), (52) and (58), the tangent constitutive tensor that relates the stress rates ¢ and the strain rates €
can be defined:

e For the elastic loading and unloading range ("¢ = 0)
6=Cg:¢é (59)

e For the inelastic and neutral loading range ("¢ > 0)

S S Y P

+(c;:e)®(e:H@:we)D:é (60)

Remark 8. Egs. (59) and (60) are only valid for [[¢]],, > 0. This is due to the physical sense of the Mode I of
fracture; there are just two options: the crack is opened * ([[¢]],, > 0 = [[u]], > 0) or is closed ([[¢]],, > 0 =
[[4]], > 0). On the other hand, the values of [[¢]],, and [[¢]] . can be positive or negative depending on the
sign of the stress components a,, and o,,, respectively.

ns

If the stress component g, is negative (compression), then it will be necessary to substitute the value of
the constitutive tensor term ([C.‘S]fl)n{mn :.m (Eq. (36)) by the value (ICs)™")m = L. Then the same
procedure and equations established in this section may be used in this model.

Summarizing. In this anisotropic damage model for continuum approximation of discontinuities, the
independent variable is only the strain €. The dependent variable is the stress o. In this model the damage is

localized at ©; and there is no damage at Q\ ;. f;, #™ and k are considered material properties.

6. Energy analysis
6.1. Fracture energy

It is important to develop equations that relate the parameters of the two constitutive models developed
here, in such a way that these can be compared. For this purpose, an “Energy Analysis” of a body with a
discontinuity is proposed to find those equations. From this energy analysis relationships for the internal
variables and the softening modulus are obtained.

The starting point of the energy analysis is to calculate the strain energy of a body with a discontinuity;
this is done for both approximations. In this paper, it will be considered that the body behavior is elastic,
except for the discontinuity where the damage takes place. The strain energy of the body U considering a
discrete approximation can be calculated as

4 In the continuum approximation there is no crack, there is a localization zone. The term crack is used to facilitate the presentation.
To demonstrate that [[¢]],, < 0 is not valid, consider a very small localization zone width (k — 0); if [e]],,, < 0, then £ < 0 and ©; < 0.
But areas might not be negative (2 < 0).
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Ud=/Q\S/0La:édidQ—F/S/oilTS-[[ﬁ]]d?dl" (61)

where 7 is the time in the instant i. The first term corresponds to the energy of the continuous part of the
body and is the elastic strain energy. The second one corresponds to the energy associated to the dis-
continuity.

The strain energy of the body U considering a continuum approximation can be calculated as

de/Q/;a:édidmr/ﬂ/;a;[[é]]didg (62)

If the localization zone width is considered to be small, then the first terms of (61) and (62) may be con-
sidered as equal (Remark 1); these terms correspond to the strain energy associated to the undamaged part
of the continuum. If the strain energy of both models is the same, then the following equation must be
fulfilled:

/S/OLTS-[[u]]didrz/Qk/oiia:[[eudidg (63)

Remark 9. The interior integral of the first term of Eq. (63) ([ Ts - [[u]]d) corresponds to the fracture
energy Gy of the cohesive crack model of Hillerborg et al. (1976). The interior integral of the second term
([ o : [[€]]di) corresponds to the density of fracture energy y; of the band crack model of Bazant and Oh
(1983). These models are related through the localization zone width £, in such a way that Gy = ky;.

6.2. Relationships between variables

Lets consider the hypostasis that the localization zone width is small, in such a way that the following
relationship between the tractions of the discrete approximation and the stresses of the continuum approx-
imation may be established: (7s), = (0%),,, (T5), = (0%),, and (Ts), = (0y),,. These tractions and stresses can
be calculated from the displacement jump and the strain jump, as established by the constitutive equations

e Discrete approximation

1 1 1

[[u]], = an [[u]], = =G T, (ul], = st (64)

e Continuum approximation
de de dwd
[[e]l, = m [[e]l,, = m”m [[e]l,s = m%
Substituting (64) and (65) in (63) (for the two dimensional case)

/S /Oli(l — d)(E[[ull,[[&)], + Gl[]),[[i]],) didS

- /Q /0 %(E[[eﬂm[[éﬂm+4G[[e]],,,[[éum)d;dg )
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The kinematics of the continuum approximation establishes that (7): [[¢]],, = +[[u]l,. [[€]],, = 3 [[«]], and

[[€]]s = % [[u]],- Therefore, to have equal strain energy in both approximations either of the following
equations must be fulfilled:

(1—d) 1

—_ d — —
(1 d) dwd k

(67)

d wd
q q 1
Ef T Erd gk (68)

To verify the fulfillment of these equations, the relationships between the variables of these models (#¢ and

wd

r™9; g4 and ¢"%) should be established. From the definition of the norm t., "¢ can be written as:

wd

=2 \/ W2, (LE]])” + 2002, ([[€]],,)°. Considering the kinematics of the strain jumps, this equation
v = 1 \/(W),Wm([[u]]n)2 +1 (W)mm([[u]]t)z. From this equation and given that

1
v k 2
)t = (Wii)),,» the internal variables 74 and ¢ are related as

can be written as: V¢ =
(VVE)nm’m - (VV[[“] ) %(

11
rwd _ % Wrd (69)

From (69) can be deduced the following equation: Er? = E(kd“*r™%) = Ek(1 — £ ;?“L,j)rWd = (Er*! — ¢")k and
given that ¢*¢ = ¢¢, it may be concluded that Eq. (68) is fulfilled. If (68) is fulfilled, then the discrete and the
continuum models are energetically equivalent.

The relationship between the softening modulus of both models is obtained below. This relationship
allows to compare the softening curve of these models. Given that ¢*¢ = ¢¢ and if a linear softening
modulus is considered (weak discontinuities: ¢“¢ = gy + AV — m); Discrete approximation:
g% = qo + #r9) the following equation can be established:

VA rd
_ _ (70)
a4 vy

Substituting ¢, from Eq. (69): (r* = kd"4r*?), in (70) and after some algebraic manipulations a relationship
between the softening modulus is obtained

%wd

H = ——— (71)
k(l - ’//E )
d
p = K (72)
1+ k2%

It should be pointed out that (71) and (72) are also valid for multilinear softening curves °.

Remark 10. Given a bounded value of #, if k — 0 then #" — k#® — 0. This proves that in strong
discontinuities the softening modulus is zero: #*¢ = 0 (Simo et al., 1993).

5 The demonstration is straightforward.
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7. Conclusions

This paper is focused on the mathematical modeling of discontinuities. It is considered that the dis-
continuities are caused by localized damage and they are studied with two different approaches: discrete
approximation and continuum approximation with weak discontinuities. In the first approximation the
constitutive behavior of discontinuities is modeled by “displacement jump-traction” relationships and the
second one by “strain-stress’ relationships. The kinematics and the constitutive modeling of discontinuities
is presented. From the contents of this paper it can be concluded

e The definition of the kinematics of discontinuities allows to establish the characteristics that the consti-
tutive models must fulfilled. In particular, the kinematics condition for weak discontinuities impose lim-
itations to the direct application of the isotropic damage model, in such a way that it was necessary to
propose an Anisotropic one.

e The proposed isotropic damage model for the discrete approximation and the anisotropic damage
model for the continuum approximation of weak discontinuities are suitable to model discontinuities.
The suitability of the anisotropic damage model comes from the fulfillment of the null tractions and
kinematics conditions for discontinuities. Both models have been numerically implemented and used
to simulate the fracture of concrete specimens, giving good results. One important characteristic of
these models is that they weigh the mode of failure in the failure criterion; this gives a great deal of
flexibility in their application. For particular applications, the next step in the development of these
models is to define a different damage variable for each mode of fracture; but this falls out of the scope
of this paper.

e The energy analysis is a way to guarantee the equivalence between models. This analysis sets the equa-
tions that must be fulfilled to make both models equivalent. In addition, the obtained equations allow to
relate the discrete approximation model to the fictitious crack model of Hillerborg et al. (1976) by means
of the fracture energy and the continuum approximation model to the crack band model of Bazant and
Oh (1983) by means of the density of fracture energy.
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Appendix A. Anisotropic model. Constitutive matrices

In what follows, the anisotropic damage model constitutive matrices are presented. The matrices are
defined in a local coordinate system (n,s,7) and they relate the stress vector (6 = {0, oy, a,,,}T) with the
strain vector (€ = {€um, €xs 7} ): 6 = Cse.

e Plane stress (6, = 0)

(1-d)E (1 — d)E .
(I—v+vd) (1—1+2d)
Cs=| (1-dpnE E . (A.1)

(I =v24+v¥d) (1 —=v*+12d)
0 0 (1-4d)G
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¢ Plane strain (e, = 0)

(I-d)(1-Vv)E (1 —d)wE 0
(I —v—2v242v2d) (1 —v—2v242v2d)
Cs = (1 —d)VE (1 =V +Vv¥d)E 0 (A.2)
(I—v=2v24+2v¥d) (1 —3v? 4+ 2v2d — 2v3 4+ 213d)
0 0 (1-d)G
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